Deflections of Beams

Differential Equations of the Deflection Curve

The beams described in the problems for Section 9.2 have constant
flexural rigidity EI.

Problem 9.2-1 The deflection curve for a simple beam AB (see figure)
is given by the following equation:

= — (714~ 101202 + 30
360LE

Describe the load acting on the beam.

L |
Probs. 9.2-1 and 9.2-2

Solution 9.2-1 Simple beam

_ 90X 4 2.2 4
= — T —10Lx~+ 3
"= 7360 LEL X7+ 320

Take four consecutive derivatives and obtain:

mo_ qoX
LEI

J— mo __ qox
From Eq. (9-12¢): ¢ = —EW"" =—

The load is a downward triangular load of maximum
intensity ¢,. €

90

Problem 9.2-2 The deflection curve for a simple beam AB (see figure)
is given by the following equation:

q0L4 . TX

v=- sin ——
T El L

(a) Describe the load acting on the beam.
(b) Determine the reactions R, and R, at the supports.
(c) Determine the maximum bending moment M .
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Solution 9.2-2 Simple beam

4
po DL X (b) REACTIONS (EQ. 9-12b)
‘EI7 L .
X
) gL’  mx V=En" = —20% s T
vi=——S—cos—— T L
7 El L I
2 Atx=0: V=R, =-1%
" qoL” . mx X : ' -
V' =-—"—sin—
T El L o B g L. 4 L
m:qoLCO l_x AtX—L. V__RB__7’RB_7 A
wEl L
yo= _4o sinﬂ (c) MAXIMUM BENDING MOMENT (EQ. 9-12a)
EI L 5
. oL . mx
M=EN" =—5-sin—
(a) LoaD (EQ. 9-12¢) T L
X F : t — é M — qoiLz
q=—Eb™ =g, sinf — or maximum moment, x 5 M =
The load has the shape of a sine curve, acts
downward, and has maximum intensity q,. -
L q0
( =
I L |
Problem 9.2-3 The deflection curve for a cantilever beam AB y
(see figure) is given by the following equation:
4o A B
p= == (1013 — 1002 + SLa® — 1) - x
120LEI
L |

Describe the load acting on the beam.
Probs. 9.2-3 and 9.2-4

Solution 9.2-3 Cantilever beam

Conz
=———— (10— 10+ 5L - x°
Y= "0 Le X+ 5L —x)
40
Take four consecutive derivatives and obtain:
~
9o
[ —— L —
Y LertE T

From Eq. (9-12c):
EI nn (1 x)
- —ERL" = _r .
q ) L

The load is a downward triangular load of maximum
intensity 4, *




SECTION 9.2 Differential Equations of the Deflection Curve 549

Problem 9.2-4 The deflection curve for a cantilever beam AB
(see figure) is given by the following equation:

2
ety (5L — 0L + 15127 — x)

(a) Describe the load acting on the beam.
(b) Determine the reactions R, and M, at the support.

Solution 9.2-4 Cantilever beam

2
y= m (450% — 40 L3x + 152 — x%) (b) REACTIONS R, AND M, (EQ. 9-12b AND EQ. 9-12a)
— mo_ 4o 3 2 3
V=Eh" = —— (2L +3Lx—x
V= 60qL2E1(15L4 —20L% + 10 L% — X°) 302 )
Atx=0: V=R, =Dk
=0: =R,=
V= T BL = 8L+ 615 — ) 3
M=EL" = —%(3 [ — 8 L% + 612 — x*)
V= — 2 (=203 +3L% —x%)
3L°El qoL?
Atx=0:. M=M,= 4
nn qo
=g BT
NoTE: Reaction R, is positive upward.
Reaction M, is positive clockwise (minus means
(a) Loap (EQ. 9-12¢) M, is counterclockwise).

2
q=—EN" = q0<1 - E) —

The load is a downward parabolic load of maximum
intensity q,

q0
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Deflection Formulas

Problems 9.3-1 through 9.3-7 require the calculation of deflections
using the formulas derived in Examples 9-1, 9-2, and 9-3. All beams

have constant flexural rigidity EI. q
Problem 9.3-1 A wide-flange beam (W 12 X 35) supports a uniform
load on a simple span of length L = 14 ft (see figure). I’ I

Calculate the maximum deflection 8, at the midpoint and the — Roxoxen
angles of rotation 6 at the supports if ¢ =1.8 k/ft and E = 30 X 10° psi. \ L ‘
Use the formulas of Example 9-1. ‘ ‘

Solution 9.3-1 Simple beam (uniform load)

W12 X35 L= 141ft= 168 in. ANGLE OF ROTATION AT THE SUPPORTS
g = 1.8 k/ft = 150 Ib/in. E = 30 X 10° psi (EQs. 9-19 AND 9-20)
I=285in* 3 . =3
qL (150 1b/in.) (168 in.)
0 - BA - BB -

T 24EL 24(30 X 10° psi) (285 in.?)

MAXIMUM DEFLECTION (EQ. 9-18) 0.003466 rad = 0.199° <=
= U. rad = L.

s 5L 5(1501b/in.)(168 in.)*
T 384 EI 384(30 X 10° psi) (285 in.*)

=0.182in. <—

Problem 9.3-2 A uniformly loaded steel wide-flange beam with simple
supports (see figure) has a downward deflection of 10 mm at the midpoint
and angles of rotation equal to 0.01 radians at the ends.

Calculate the height & of the beam if the maximum bending stress is
90 MPa and the modulus of elasticity is 200 GPa. (Hint: Use the formulas
of Example 9-1.)

Solution 9.3-2 Simple beam (uniform load)

0=6_ . =10mm 6=6,=6,=0.0lIrad Maximum bending moment:
o=o,. =9MPa E=200GPa gL? gL*h
M=— o= 4)
Calculate the height £ of the beam. 8 161
16 Io
5qL* 384 EIS Solve Eq. (4) for h:  h= (5)
. 8=6. = _ 1 olve Eq. (4) for h: )
Eq (9 18) max 384 EI or g 5L4 ( ) qL
N Substitute for g from (2) and for L from (3):
0=0, - qL of g 24 EI0 @) 3008
Eq. (9-19): AT 54 El q I3 = S50
16 6 Substitute numerical values:
Equate (1) and (2) and solve for L: L =—— 3)
S0 32(90 MPa) (10 mm)

Flexure formula: 0 = —— ~ 15(200 GPa)(0.01 rad)®

I 21
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Problem 9.3-3 What is the span length L of a uniformly loaded simple
beam of wide-flange cross section (see figure) if the maximum bending
stress is 12,000 psi, the maximum deflection is 0.1 in., the height of

the beam is 12 in., and the modulus of elasticity is 30 X 106 psi?

(Use the formulas of Example 9-1.)

Solution 9.3-3 Simple beam (uniform load)

. . 161
o=o, =12000psi 6=46__ =0.1in. Solve Eq. (2) forq:  g=—— g (3)
h=12in. E =30 X 10°psi Lh
Calculate the span length L. Equate (1) and (2) and solve for L:
5qL4 384 EIS ) 24 Ehd . 24 Ehé
_ _ _ Jo4 Llo 12 = L=./
Eq (9-18) o= 3max - 384 EI or g = 5L4 (1) S50 50
_Mc Mh Substitute numerical values:
Flexureformula:a—T—g 24(30 X 10° psi) (12 in.) (0.1
X S1 m.) (0.1 m.
: . L= pei)( : ! ) 14,400 in.?
Maximum bending moment: 5(12,000 psi)
L? L’h — P
=1 . -1 @) L=120in. = 10ft <—
8 161
Problem 9.3-4  Calculate the maximum deflection §__ of a uniformly =20 kN/m

loaded simple beam (see figure) if the span length L = 2.0 m, the intensity
of the uniform load ¢ = 2.0 kN/m, and the maximum bending stress

o = 60 MPa. ﬁ =
The cross section of the beam is square, and the material is aluminum

having modulus of elasticity E = 70 GPa. (Use the formulas of Example 9-1.) ‘

Solution 9.3-4 Simple beam (uniform load)

2
L=20m ¢=20kNm Solve for b3: b* = b 4)
o=o0,, =60MPa E=70GPa 4o
. ) 5Lo/4Lo\"?
CROSS SECTION (square; b = width) Substitute b into Eq. (2): S = 24E( 3q >
I= b74 g = bi (The term in parentheses is nondimensional.)
12 6
) Substitute numerical values:
: : SqL
Maximum deflection (Eq. 9-18): 6 = (1) 5Lo 5(2.0 m)(60 MPa) 1 1
384 EI = = m=—mm
S 24E 24(70 GPa) 2800 2.8
Substitute for I: 6 = 30 b (2) (4 L0_>1/3 _ |:4(20 m) (60 MPa) :| 173 _ 10(80)1/3
’ gL M gl 3q 3(2000 N/m)
Flexure formula with M = — o=—=—
8 S 8S 10(80)1/3
) Omax = <= — mm =154 mm <—
. 3qL 2.8
Substitute for S: o = 3)

4p*
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Problem 9.3-5 A cantilever beam with a uniform load (see figure)

has a height / equal to 1/8 of the length L. The beam is a steel wide-

flange section with E = 28 X 10° psi and an allowable bending stress

of 17,500 psi in both tension and compression. ;Th I
Calculate the ratio /L of the deflection at the free end to the length,

assuming that the beam carries the maximum allowable load. (Use the | L l

formulas of Example 9-2.)

Solution 9.3-5 Cantilever beam (uniform load)
h 1
—=— E=28X10%psi o= 17,500 psi Solve for g:
L 8 4

4o
Calculate the ratio 8/L. = 12

gL'

Maximum deflection (Eq. 9-26): 0, = 3 El (1) Substitute ¢ from (3) into (2):

Lol ) 2.2y
" L 8EI L 2E\h

12 Substitute numerical values:

Flexure formula with M = —: .
2 ) 17,500 psi

= (8) =
Mc <qL2><h> qL?h L 208x10°psi) ) T 400
o= (1= -

1 \2)\2ar) a

(©)

pra—

Problem 9.3-6 A gold-alloy microbeam attached to a silicon wafer
behaves like a cantilever beam subjected to a uniform load (see
figure). The beam has length L = 27.5 pm and rectangular cross |
section of width b = 4.0 pm and thickness # = 0.88 pm. The total = — -1
load on the beam is 17.2 uN. Hb#
If the deflection at the end of the beam is 2.46 wm, what is

the modulus of elasticity Eg of the gold alloy? (Use the formulas
of Example 9-2.)

Solution 9.3-6 Gold-alloy microbeam
Cantilever beam with a uniform load. Substitute numerical values:
gL=172uN & =246 um .= 3
max 2(4.0 pm)(0.88 wm)°(2.46 um)
Determine Eq. =80.02 X 10°N/m?> or E =80.0GPa <—

qL* gL’
Eq. (9-26): &=
q. (9-26) 8E,1
_@ B 3qL*
12 (DY)

max

1
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Problem 9.3-7 Obtain a formula for the ratio 6./6  of the deflection P
at the midpoint to the maximum deflection for a simple beam supporting
a concentrated load P (see figure).

From the formula, plot a graph of § /0 versus the ratio a/L that A X B
defines the position of the load (0.5 < a/L < 1). What conclusion do you Roxexen
draw from the graph? (Use the formulas of Example 9-3.) a | b

Solution 9.3-7 Simple beam (concentrated load)
Pb(3L* — 4b*) G -
Ea. (9-35): §.= = RAPH OF 6 /0, VERSUS B = a/L
q. (9-35): 6¢ ASEl b) ’
Ph(L? — ) Because a = b, the ratio B8 versus from 0.5 to 1.0.
Eq. (9-34): 6,=———"F7——"— (a=b
g 9\/3LEI ) 5,
5. (3V3L)(3L - 4b) = Bls
B 62— 0T
0.5 1.0
Replace the distance b by the distance a by 0.6 0.996
substituting L — a for b: 0.7 0.988
0.8 0.981
5. (3V3L)(—L*+ 8ab — 4a) 0.9 | 0976
S 16(2aL — a?)*> 1.0 | 0.974

Divide numerator and denominator by L?:

(3 \/§L)<—1 + 8% - 422)

NoTE: The deflection &, at the midpoint of the beam
is almost as large as the maximum deflection §_ .
The greatest difference is only 2.6% and occurs when

3,
5 PN the load reaches the end of the beam (8 = 1).
e 16L (2* - 7)
L L
) 1.0
a a
3V3 <—1 + 8——4—)
o _ ( ) LU «— e 0.974
8. - a  a\? O max :
0(2-%)
L L
0.95
0.5 0.75 1.0
ALTERNATIVE FORM OF THE RATIO B z%
Let B=2
et B=—
L

8. (BV3)(~1+88-4p)
Suax 16228 — )
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Deflections by Integration of the Bending-Moment Equation

Problems 9.3-8 through 9.3-16 are to be solved by integrating the second-order
differential equation of the deflection curve (the bending-moment equation).

The origin of coordinates is at the left-hand end of each beam, and all beams y
have constant flexural rigidity EI. P
Problem 9.3-8 Derive the equation of the deflection curve for a cantilever A B
beam AB supporting a load P at the free end (see figure). Also, determine X
the deflection &, and angle of rotation 6, at the free end. (Note: Use the I

\

second-order differential equation of the deflection curve.)

Solution 9.3-8 Cantilever beam (concentrated load)

BENDING-MOMENT EQUATION (EQ. 9-12a) B.C. v(0)=0 .. C; =0
EI”:M:—PL— PZ
1% ( X) V= M (3L — x) <
Px2 6E]
EN' = —PLx+—+ C, Px
2 V' =——""(2L—x)
BC. V' (0)=0 .. Cy=0 2E1
PLx*> Px’ 5 @D PL?
= — —_— = —y = —
Elv 2 + p + C, B 3E]

2

) PL
OB: -V (L) :E

(These results agree with Case 4, Table G-1.)

Problem 9.3-9 Derive the equation of the deflection curve y
for a simple beam AB loaded by a couple M, at the left-hand

support (see figure). Also, determine the maximum deflection
0 (Note: Use the second-order differential equation of the B —

max’

deflection curve.)

Solution 9.3-9  Simple beam (couple M)
BENDING-MOMENT EQUATION (EQ. 9-12a) MAXIMUM DEFLECTION
EI,,_M_M<1_£> = Mo (QL*—6Lx+3x%)
TR T 6 LEI
¥ Set v' = 0 and solve for x:
EnN' =My|lx——|+C )
e (x 2L> 1 V3
x2 3 X1 = L <1 - ?>
EIV:M0<7_7>+ C1x+ C2
2 6L Substitute x, into the equation for v:
B.C. v(0)=0 .. C,=0 Sax = —(V),—,
M,
BC w(I)=0 - C = —%L _ M,
9V3EI

M i -
ve— Logl QL= 3Lx+22) = (These results agree with Case 7, Table G-2.)
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Problem 9.3-10 A cantilever beam AB supporting a triangularly

distributed load of maximum intensity g, is shown in the figure. Y
Derive the equation of the deflection curve and then obtain 90
formulas for the deflection 6, and angle of rotation 6, at the free
end. (Note: Use the second-order differential equation of the R —
deflection curve.) A B
L
Solution 9.3-10 Cantilever beam (triangular load)
L4
BENDING-MOMENT EQUATION (EQ. 9-12a) B.C. ¥(0) =0 ey = ‘1]020
Env =M= 1~ xp Go X
6L v=— (10L° —10L%x + 5L — %) +—
% iy 120 LEI
EN' =——(L—x)"+ X
24L : vo= = 4161+ 418 - )
3 24 LEI
qoL
B.C. V(0) =0 . .c=— gLt
24 8y = —v(L) =
73 30EI
90 5 qol X 2
Elv=— L—x-"—=+C 3
T A A 6, = —v(L) = Bk
24EI
(These results agree with Case 8, Table G-1.)
Problem 9.3-11 A cantilever beam AB is acted upon by a uniformly y ”
distributed moment (bending moment, not torque) of intensity m
per unit distance along the axis of the beam (see figure). | X
Derive the equation of the deflection curve and then obtain A B
formulas for the deflection 6, and angle of rotation 6 at the free end. | L ‘
(Note: Use the second-order differential equation of the deflection curve.)
Solution 9.3-11 Cantilever beam (distributed moment) ,
BENDING-MOMENT EQUATION (EQ. 9-12a) p= (BL—x) <+
6El
ENV" =M= —m(L— x) mx
) v'=——"-(2L—x)
r_ X 2EI
ENV' = —m(Lx—— )+ C,
2 m L3
BC. vV(0)=0 .. C =0 dp=—v(L) = 3Bl
sz x3 >
Elv=—-m|\———)+C — ey =
' m<2 6) 2 by=—v'(L) =5
B.C. v(0)=0 .. C,=0
Problem 9.3-12 The beam shown in the figure has a roller support at A Y g
and a guided support at B. The guided support permits vertical movement
but no rotation.
Derive the equation of the deflection curve and determine the Al M X
deflection &, at end B due to the uniform load of intensity g. (Note: Koxorex
Use the second-order differential equation of the deflection curve.) ‘ .
[
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Solution 9.3-12 Beam with a guided support

REACTIONS AND DEFLECTION CURVE BENDING-MOMENT EQUATION (EQ. 9-12a)
y PR a8
q EN" =M= qu - 7
ql? 2 3
MB =—F X
Al % 2 En = - ¢
B 6
RorereX gL’
4 L \ B.C. v(L)=0 .. C,=——
) | 3
RA = qL
gLy  gqx* gL’
Elv = - = +C,
y 6 24 3
Aﬁ N BC v(0)=0 ..C,=0
Bf -~ v= - P QL AL+ )
24 EI
5, = —v(L) = o
L Y
Problem 9.3-13 Derive the equations of the deflection curve Y
for a simple beam AB loaded by a couple M, acting at distance M,
a from the left-hand support (see figure). Also, determine the A . B
deflection &, at the point where the load is applied. (Note: Use L | = x
the second-order differential equation of the deflection curve.) roxoxen
a i b
L
Solution 9.3-13  Simple beam (couple M)
BENDING-MOMENT EQUATION (EQ. 9-12a) BC.3vIL)=0 .. C= —M0L<a — %) - C\L
” Mox
EN" =M= 7 O=x=a) B.C.4 (V) q = (v)Right atx = a
M 2
, M0x2 C4 = - 0
EN' = +C, 0O=x=aq) 2

M, 2 2
M, C,=—QL*— 6aL + 3d%)
EIv”=M=—T(L—x) as=x=1L) 6L

Mox 2 2 2
M 2 y=— (6aL —3a"—2L"—x) (0=x=aq)
ElV' = ——(’(Lx - —> +C, (@a=x=1L) 6 LEI
L 2
B.L 1 (V) ep = (Vgigne atX =a v = _ Mo (3d°L — 3a’ — 2L*x + 3Lx* — x°) +—
L C, = C, + My OLEI
o 32 1 0 (a =x< L)
Myx _ _
Ev=""""4Cx+C, 0=x=a) 8, = —v(a) = Mod(L a)(2a — L)
6L 0 3LEI
BC.2v(0)=0 ..C;=0 Myab(2a — L) —
Myx*  Myx® -
Elv=—2" 4 =0 + Cix + Myax + Cy SLEI
2 6 NOTE: §,, is positive downward. The pending results

(a=sx=1L) agree with Case 9, Table G-2.
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Problem 9.3-14 Derive the equations of the deflection curve

for a cantilever beam AB carrying a uniform load of intensity Y
q over part of the span (see figure). Also, determine the 4
deflection &, at the end of the beam. (Note: Use the
second-order differential equation of the deflection curve.) n _| 3 X
a ‘ b
L
Solution 9.3-14 Cantilever beam (partial uniform load)
BENDING-MOMENT EQUATION (EQ. 9-12a) BC.3v0)=0 .C;=0
3
qa’x
EN" =M= —%(a —x) = —g(a2 — 2ax + x%) Elv=Cx+ C,= —T+ C, a=x=1L)
. O=x=a) B.C.4 (V) o = (v)Right atx =a
4
EIv’=—€<a2x—ax2+£>+C1 O=x=a) . C:qi
2 3 o e
24
BC.1V(0)=0 ..C, =0 B gx* 5 ) —
ENV' =M =0 (@=x=1L) v——24E1(6a —dax+x7) 0=x=a)
EN' = C, (a=x=1L) o
B.C. 2 (V,)Left — (V’)Right atx = a v = _24EI (4x - a) (a =x= L) —
3
qa qa’
‘. C = - = — = — —
2 6 Og v(L) SAEL (4L — a)
g/ ax Xt (These results agree with Case 2, Table G-1.)
Elv=——(———-"+4+"—)+C; (0=x=
Y 2<2 3 12) s 0=x=q
Problem 9.3-15 Derive the equations of the deflection curve for a y g
cantilever beam AB supporting a uniform load of intensity ¢ acting
over one-half of the length (see figure). Also, obtain formulas for the -
deflections 6, and & . at points B and C, respectively. (Note: Use A C B *
the second-order differential equation of the deflection curve.) L L
2 | 2 !
Solution 9.3-15 Cantilever beam (partial uniform load)
BENDING-MOMENT EQUATION (EQ. 9-12a) BC. 1 v(0)=0 ..C =0
q L
L L " — - _1 2 __ + 2 (7 = = )
EIv”=M=—%(3L—4x) <05x55> EV'=M=—(L"=2Lx+x) | =x=L

qL L EIv’=—g<L2 —Lx2+X3>+C <£<x<L>
EIv’=—§(3Lx—2x2)+C1 (05xs—> 2 3 2 \2 7 7T

[\
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L
B.C.2 (V') o = (v')Right at x = 5 B.C.4 (V) o = (v)Right at x = 5
qu 4
L C,=— . _9q
© 2 LCy=
48 Y384
gL ( 3Lx* 2x3> ( L) Lx* L
Elv=— —-——+C (0=x=— __4 9L — 4 <OS Sf> e
g\ 2 3 2 VT gm0t T
BC.3v0)=0 ~Cy =0 5 — _V<£>: TqL'
¢ 2)  192EI
B q LZxZ L)C% x4 qL3 q
Ev=— " =5t )t gt G = —gu gy (108 — 64L + 96 L2 — 8 Lix + L)
<§SxSL> <§S)CSL> A
5. = Iy = 41qL4 «—
R YT
Problem 9.3-16  Derive the equations of the deflection curve ‘y g
for a simple beam AB with a uniform load of intensity g acting
over the left-hand half of the span (see figure). Also, determine A B
the deflection & . at the midpoint of the beam. (Note: Use the K C —/ *
second-order differential equation of the deflection curve.) eXo)0]
L L |
\ 2 \ 2 \
Solution 9.3-16 Simple beam (partial uniform load)
BENDING-MOMENT EQUATION (EQ. 9-12a) B.C.2v0)=0 ..C,;=0
2.2 3 3
3alx 2 L _gqLx _qu qL’x
EIV// — — q _ L <0 =x= 7) Elv = 16 48 C]X 48 + C4
8 2 2
3qLx®  gx° L (7 =x= L>
En =25 ¢ <05xs—> 2
16 6 2 ql’
qL2 qu L B.C. 3 V(L) =0 C4 = _CIL - K
ENV =M="——— <—§xSL>
8 8 2
S
= - —=x= 3
YT e o7t oo 3
-G
L 128
BT O ren = O ign 40X =5 v= 5 (or — 241 + 16¢) (o == £> -
gL 384EI 2
" C2 - Cl - T L
48 b=l (8 — 4L+ 1T — L)+
qu qx4 L 384EI
Elv = 16 —§+CIX+C3 <OSXSE> (gSXSL>
L\ 5qL
R
2 7T68EI

(These results agree with Case 2, Table G-2.)




